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Abstract
We define a nonnegative integer λ(L,L0;φ) for a pair of diffeo-
morphic closed Lagrangian surfaces L0, L embedded in a symplec-
tic 4-manifold (M,ω) and a diffeomorphism φ ∈ Diff+(M) satisfying
φ(L0) = L. We prove that if there exists φ ∈ Diff
+
o
(M) with φ(L0) = L
and λ(L,L0;φ) = 0, then L0, L are symplectomorphic. We also define
a second invariant n(L1, L0; [Lt]) = n(L1, L0, [φt]) for a smooth iso-
topy Lt = φt(L0) between two Lagrangian surfaces L0 and L1 with
λ(L1, L0;φ1) = 0, which serves as an obstruction of deforming Lt to a
Lagrangian isotopy with L0, L1 preserved.
1 Introduction
One subtle question in symplectic topology is to find the fine line between
symplectic topology and differential topology. For example, what are the
things that can be done diffeomorphically but not symplectically? The ob-
jects to be tested on are embedded compact Lagrangian surfaces. In their
own worlds, individual Lagrangian surfaces do not know the existence of
symplectic structures, until they try to communicate with each other via dif-
feomorphisms and/or homotopies. Diffeomorphic Lagrangian surfaces may
be surprised to find that they live in quite different neighborhoods dictated
by symplectic structures. Even if this is not the case, smoothly isotopic
Lagrangian surfaces may still find that they are destined to meet the sym-
plectic structure (by becoming non-Lagrangian) before they meet each other,
no matter which path they choose. Such phenomena have been explored and
studied by Fintushel-Stern [2] and Seidel [6] (see also [1]).
In this note we construct two invariants of embedded compact Lagrangian
surfaces to address the two questions described above:
• When two diffeomorphic Lagrangian surfaces are symplectomorphic?
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• When two smoothly isotopic Lagrangian surfaces are Lagrangian iso-
topic?
Here compact Lagrangian surfaces L0, L1 in a symplectic 4–manifold (M,ω)
are said to be smoothly isotopic if there exists between L0 and L1 a smooth
homotopy consists of embeddings. This is equivalent to the existence of a
smooth family φt ∈ Diff
+(M) with φ0 = id and φ1(L0) = L1. L0, L1 are
Lagrangian isotopic if the smooth isotopy consists of Lagrangian surfaces.
Let L0, L be two embedded Lagrangian surface such that L = φ(L0) for
some φ ∈ Diff+(M). The first invariant λ(L,L0;φ) we construct is really
a generalization of the λ(T ) invariant (for Lagrangian torus T ) constructed
by Fintushel and Stern [2]. This invariant is related to the first question
we mentioned above. In its most general form, it is really an invariant of a
pair of diffeomorphic Lagrangian surfaces of positive genus (the invariant is
trivial when the genus is 0) together with a diffeomorphism between them.
Define
Diff+o (M ;L0 → L) := {φ ∈ Diff
+
o (M) | φ(L0) = L}
Symp(M,ω) := {φ ∈ Diff+(M) | φ∗ω = ω}
Here Diff+o (M) denotes the connected component of Diff
+(M).
Theorem 1.1. Let L0, L be two closed Lagrangian surfaces embedded in a
symplectic 4-manifold (M,ω). Assume that Diff+o (M ;L0 → L) 6= ∅. Then
φ ∈ Diff+o (M ;L0 → L) is homotopic in Diff
+
o (M ;L0 → L) to some ψ ∈
Symp(M,ω) iff λ(L,L0;φ) = 0.
Remark 1.1. The invariant λ(L,L0; ·) actually assigned to each connected
component of Diff+o (M ;L0 → L) a nonnegative integer. Theorem 1.1 then
says that this number is 0 iff the corresponding connected component of
Diff+o (M ;L0 → L) contains an element of Symp(M,ω).
The construction of λ(L,L0;φ) implies that λ(L,L0; ·) = 0 if L0, L are
of genus 0, i.e., if L0, L are embedded Lagrangian spheres. Hence we have
the following
Corollary 1.1. Let L0, L be two embedded lagrangian spheres in a symplec-
tic 4-manifold (M,ω). Suppose that L0, L are smoothly isotopic, then L0, L
are symplectomorphic.
The second invariant n(L1, L0; [Lt]) (see Section 3) seems related to the
generalized Dehn twist considered by Seidel [6]. It is an invariant of a smooth
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homotopy between two Lagrangian surfaces, hence is related to the second
question above.
The organization of this article is as follows: In Section 2 we construct a
local version of λ on cotangent bundles T ∗L and then introduce the definition
of λ(L,L0;φ). The rest of Section 2 is devoted to the proof of Theorem 1.1.
The invariant n(L1, L0; [Lt]) is constructed in Section 3, followed by some
discussions and final remarks.
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2 The first invariant
2.1 Local definition of λ(L, ω′, ω)
Let L be a closed orientable surface and T ∗L denotes the cotangent bundles
of L. Let λcan denote the canonical 1-form Let ωcan = −dλcan denote the
canonical symplectic 2–form on T ∗L. Let x be a local coordinate on L
and y ∈ R2 be a local coordinate on the fiber T ∗xL, then (x, y) are local
coordinates of T ∗L, and λcan, ωcan are given by the formulae
λcan = ydx, ωcan = dx ∧ dy
Let us fix an orientation for T ∗L so that ω2can becomes a volume form on
T ∗L. we will consider only symplectic 2–forms ω on T ∗L with ω2 > 0. View
L as the zero section of T ∗L. Let ω be be a symplectic 2–form on T ∗L with
L a Lagrangian surface. With local coordinates (x, y) for T ∗L we have the
following isomorphisms
T(x,0)T
∗L ∼= TxL⊕ T
∗
xL (1)
T ∗(x,0)T
∗L ∼= T ∗xL⊕ TxL (2)
Being symplectic, ω induces an isomorphism
T(x,y)T
∗L→ T ∗(x,y)T
∗L
v → ω(v, ·).
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Then by (1) and (2) ω induces a bundle isomorphism
Ωω : TxL→ T
∗
xL, Ω(v) := ω(v, ·) for v ∈ TxL.
If we fix a Riemannian metric on L and let g denote the induced Riemannian
metric on T ∗L the cotangent bundle, then the splitting in (1) is orthogonal.
Let ω′ be another symplectic 2-form on T ∗L with L Lagrangian, then
Ωω′,ω := Ωw′ ◦ Ω
−1
ω : T
∗
xL→ T
∗
xL
is an orientation-preserving linear automorphism for every x ∈ L, hence is
a section of the trivial GL(2,R)-bundle over L. By fixing a trivialization of
the bundle we get
Ωω′,ω : L→ GL(2,R). (3)
Since GL(2,R) is homotopic to S1, the homotopy class of the map (3) is
classified by
[L,S1] ∼= H1(L,Z) ∼= Z2g
where g is the genus of L, and is independent of the choice of the trivializa-
tion of the trivial GL(2,R)-bundle. Note that the isomorphism H1(L,Z) ∼=
Z
2g depends on a choice of a basis for H1(L,Z) ∼= Z2g. It is well-known that
Diff+(L) acts on H1(L,Z) ∼= Z2g as the integral 2g × 2g symplectic group
Sp(2g,Z). For each 0 6= σ ∈ H1(Σ,Z) there is a unique positive integer
m(σ) such that σ = m(σ)σ′ where σ′ ∈ H1(Σ,Z) is primitive. We call m(σ)
the multiplicity of σ. The multiplicity of 0 ∈ H1(Σ,Z) is defined to be 0.
Obviously, H1(L,Z) is trivial if L = S2 is the 2–sphere. In this case
λ(S2, ω′, ω) = 0 is trivial.
Definition 2.1. Assume that the genus of L is positive. Let σ ∈ H1(L,Z)
be the class representing Ωω′,ω. Define
λ(L,ω′, ω) := m(σ)
Lemma 2.1. λ(L,ω′, ω) = λ(L,ω, ω′).
Remark 2.1. When L = T 2 is of genus 1, then TT 2 and T ∗T 2 are triv-
ial R2-bundles over T 2. With trivializations of TT 2 and T ∗T 2 fixed, the
orientation-preserving bundle isomorphism Ωω := TT
2 → T ∗T 2 then in-
duces a map T 2 → GL+(2,R) and hence an absolute invariant λ(L,ω) ∈
N ∪ {0} is also defined. In particular we have λ(T 2, ωcan) = 0. This in-
variant λ(T 2, ω) is actually the λ–invariant defined by Fintushel and Stern
[2]. Our construction here can be thought as a relative extension of the
Fintushel-Stern invariant to Lagrangian surfaces of any positive genus.
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2.2 Realization of λ(L, ω′, ω)
Consider the projection π : T ∗L→ L, (x, y)→ x, and its differential
dπ(x, y) : T(x,y)T
∗L→ TxL. (4)
For each ρ : T ∗L → T ∗L which is an orientation-preserving linear bundle
automorphism over L, we define a 1-form λρ ∈ Ω
1(T ∗L) by
λρ(x, y) = ρ(y) ◦ dπ(x, y) : T(x,y)T
∗L→ R
and denote its negative differential ωρ := −dλρ. In particular, if ρ = id then
ωρ = ωcan the canonical symplectic 2–form on T
∗L. Note that for each ρ as
defined above, ωρ is symplectic and has the zero section L as a Lagrangian
surface.
Here is a way of constructing ω from ωcan and a smooth map ρ := L→
S1. Fix a Riemannian metric go on L. go induces a Riemannian metric on
T ∗L. For any φ ∈ Diff+(L) and any smooth map ρ : L → S1 consider the
diffeomorphism
Φ : T ∗L→ T ∗L
Φ(x, y) := (φ(x), e2piiρ(φ(x))(φ−1)∗y), p ∈ T ∗q L
Here we use the polar coordinates for T ∗xL
∼= C. Clearly Φ(L) = L. Let ω :=
Φ∗ωcan. Then L is also ω–Lagrangian. Then λ(L,ω, ωcan) is the multiplicity
of the element in H1(L,Z) corresponding to ρ. Note that ω = ωcan if ρ is a
constant map.
2.3 The definition of λ(L, L0;φ)
The construction of λ(L,ω′, ω) in Section 2.1 can be applied straight for-
wardly to define an invariant λ(L,L0, φ) for a pair of diffeomorphic La-
grangian surfaces L0, L = φ(L0) in a symplectic 4–manifold (M,ω) and
φ ∈ Diff+(M). We assume that L0 is embedded and compact. Let ω1 :=
(φ−1)∗ω. Then we define
λ(L,L0, φ) := λ(L,ω1, ω)
where λ(L,ω1, ω) is defined by using the fact that a tiny tubular neighbor-
hood of L is symplectomorphic to a tiny tubular neighborhood of the zero
section of T ∗L. This is really the Lagrangian Neighborhood Theorem due to
Weinstein [7]. We state the theorem here for future reference (see [4]).
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Theorem 2.1. Let (M,ω) be a symplectic manifold and L ⊂M a compact
Lagrangian submanifold. Then there exists a neighborhood U ⊂ T ∗L of the
zero section, a neighborhood V ⊂M of L, and a diffeomorphism Φ : U → V
such that
Φ∗ω = −dλcan, Φ|L = id,
where λcan is the canonical 1–form on T
∗L.
2.4 Proof of Theorem 1.1
We start with the following lemma which is an easy consequence of the
definition of λ(L,L0;φ).
Lemma 2.2. If φ ∈ Diff+o (M ;L0 → L) is homotopic in Diff
+
o (M ;L0 → L)
to some ψ ∈ Symp(M,ω) then λ(L,L0;φ) = 0.
The following Lemma will be frequently used in the proof of Theorem
1.1.
Lemma 2.3 (Lemma 3.14 of [4]). Let M be a 2n–dimensional smooth
manifold and L ⊂ M be a compact submanifold. Suppose that ω0, ω1 ∈
Ω2(M) are closed 2–forms such that at each point q of L the forms ω0 and ω1
are equal and nondegenerate on TqM . Then there exist open neighborhoods
N0 and N1 of L and a diffeomorphism ψ : N0 → N1 such that
ψ|L = id, ψ
∗ω1 = ω0.
Let us also recall Moser’s argument on the isotopy of symplectic forms
([5],[4]). Here we follow the presentation in [4]. For every family of sym-
plectic forms ωt ∈ Ω
2(M) with an exact derivative
dωt
dt
= dσt there exists
φt ∈ Diff(M) such that φ
∗
tωt = ω0. φt can be chosen to be the time t map
of the flow of a time dependent vector field Xt, i.e.,
d
dt
φt = Xt ◦ φt, φ0 = id,
where Xt satisfies the equation
d(σt + ι(Xt)ωt) = 0
In particular, since ωt is nondegenerate there exists a unique Xt satisfying
−σt = ι(Xt)ωt
6
Lemma 2.4. Assume that λ(L,L0;φ) = 0 then φ can be smoothly isotoped
to ψ with L fixed by the isotopy such that
(ψ−1)∗ω = w near L0
Proof. Recall that
TLM ∼= TL(T
∗L) = TL⊕ T ∗L
Since Since λ(L,ω1, w) = λ(L,L0;φ) = 0,
ρ := Ωω1,ω : T
∗L→ T ∗L
is homotopic to to the identity map. Fix a trivialization of TL⊗T ∗L then ρ
becomes a map L→ GL+(2,R) and is represented by A := (aij) ∈ GL(2,R)
which depends smoothly on x ∈ L. We may assume that ω = −dλcan near
L. Since L is ω1–Lagrangian, ω1 is exact near L. Let f ∈ C
∞(M) be a
smooth function supported in a small tubular neighborhood of L ⊂M and
f = 1 near L. Define
τ := ω1 + d(fρ(y) ◦ dπ)
τ ∈ Ω2(M) is a closed 2–form which is exact near L and τ |TL = 0. Near L
we have τ = dθ for some 1-form θ defined near L. Let i : L →֒ M denote
the inclusion of L. Then i∗θ is a closed 1-form on L. Then near L we have
ω = −dλcan, ω1 = −d(ρ(y) ◦ dπ) + dθ
Let ρt : T
∗L → T ∗L, t ∈ [0, 1], be a smooth homotopy of linear auto-
morphisms between ρ0 := ρ and ρ1 := id. By using Theorem 2.1 we can
consider a family of symplectic 2-forms defined near L:
ωt := −d(ρt(y) ◦ dπ) + tdθ.
Consider the vector field Yt defined by
−
dρt
dt
◦ dπ + θ = ι(Yt)ωt
Note that Yt = 0 on L for all t.
Now consider a smooth time dependent vector field Xt supported in a
tubular neighborhood of L such that on Xt = Yt on L. Define φ
′
t to be the
time t map of the flow of Xt. φ
′
t fixes L pointwise for all t, φ
′
0 = id. We
obtain an isotopy φ′t ◦φ between φ and φ
′
1 ◦φ such that ψ
′ := φ′1 ◦φ satisfies
(ψ′)∗ω = ω on L0
By Lemma 2.3 we can further isotope ψ′, with L fixed, to a diffeomorphism
ψ such that ψ(L0) = L and ψ
∗ω = ω near L0.
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Lemma 2.5. Let φ be as in Lemma 2.4. Assume that λ(L,L0;φ) = 0 and
φ ∈ Diff+0 (M), then there exists Φt ∈ Diff
+
0 (M ;L0 → L), 0 ≤ t ≤ 1, such
that
Φ0 = φ, (Φ
−1
1 )
∗ω = ω.
That is, L is symplectomorphic to L0.
Proof. Let φt ∈ Diff
+
0 (M), 0 ≤ t ≤ 1, be a smooth homotopy between
φ0 := id and φ1 := φ. Denote ωt := (φ
−1
t )
∗ω. w0 = w1 near L. Since
λ(L,L0;φ) = 0, by Lemma 2.4 we may assume that ωt = ω0 and ω1−t = w1
for all 0 ≤ t ≤ δo for some constant δo > 0. L need not be ωt–Lagrangian
for t ∈ (δo, 1− δo).
Write wt = ω + dαt with αt ∈ Ω
1(M), α0 = 0. Since w1 = w0 near L,
dα1 = 0 near L. Let i : L →֒M denote the embedding of L, and σt := i
∗αt.
Then σ0 = 0, σ1 is a closed 1-form on L.
Claim: There exists a closed 1-form β ∈ Ω1(M) such that i∗β = σ1.
Proof of the Claim.
Consider the long exact sequence of cohomology groups
· · · → H1(M)
i∗
→ H1(L)
δ∗
→ H2(M,L)→ · · · (5)
Since δ∗[σ1] = [dα1] = 0, [σ1] = ι
∗c for some c ∈ H1(M). Hence there exists
a closed 1-form β′ ∈ Ω1(M), [β′] = c, such that i∗β′ = σ1 + df for some
f ∈ C∞(L). Extend f to be a smooth function ( also denoted by f) on M .
Define β := β′ − df . Then β ∈ Ω1(M) is closed and i∗β = σ1.
Subtract tβ from αt and still call the resulting 1–form αt. Then
ωt = ω0 + dαt, α0 = 0, σ0 = i
∗α0 = 0, σ1 = i
∗α1 = 0.
Recall the projection π : T ∗L → L. Let h be a smooth function on
T ∗L that is compactly supported in a tiny tubular neighborhood of the zero
section L and satisfies h = 1 near L. By Lemma 2.3 the 1–form γt := hπ
∗σt is
a 1–form supported in a tubular neighborhood of L ⊂M such that i∗γt = σt.
For each t consider the time independent vector field Xt defined by
γt = ι(Xt)ωt
Let ψt,s denotes the time s map of the flow of Xt. ψ0,s = id = ψ1,s for all s.
Denote ωt,s := (ψ
−1
t,s )
∗ωt. Then i
∗ωt,1 = 0 for all t, i.e., L is ωt,1–Lagrangian.
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Write ω′t := ωt,1. On L, as discussed in Lemma 2.4,
ω′t = −d(ρt(y) ◦ dπ) + dθt, w
′
0 = w
′
1
i∗θt ∈ Ω
1(L) is closed, ρ0(y) = ρ1(y)
φ′t := ψt,1 ◦ φt, t ∈ [0, 1], is a homotopy between id = φ
′
0 and φ = φ
′
1.
(φ′t)
∗ω′t = w0, ω
′
0 = ω, ω
′
1 = ω1. φ
′
1(L0) = L, L is ω
′
t–Lagrangian ∀t ∈ [0, 1].
Note that λ(L,L0;φ
′
t) = 0 for all t.
Again, by applying Lemma 2.4 to each of the triples (L,L0, φ
′
t), t ∈ [0, 1],
the homotopy φ′t is perturbed, with L fixed, to a new homotopy φ
′′
t between
φ′′0 = id and φ
′′
1 = φ such that
ω′′t := ((φ
′′
t )
−1)∗ω equals ω near L
Hence ω′′t = ω + dηt with η0 = 0 and ηt ∈ Ω
1(M) closed near L. Note
that ω′′1 = ω1. By applying the long exact sequence (5) we may assume that
ηt = 0 near L.
Define the vector field Yt:
dηt
dt
= ι(Yt)ω
′′
t
and let ψt be the time t map of the flow of Yt. ψ0 = id, ψt(L) = L for
t ∈ [0, 1], and ψ∗1ω = ω
′′
1 = ω1. Note that
(ψ1 ◦ φ)
∗ω = φ∗ψ∗1ω = φ
∗ω1 = w
Then Φt := ψt ◦φ ∈ Diff
+
o (M ;L0 → L) is an homotopy between Φ0 = φ and
Φ1 = ψ1 ◦ φ ∈ Symp(M,ω). This completes the proof of Lemma 2.5 and
hence the proof of Theorem 1.1.
3 A smooth isotopy invariant
3.1 Local construction
Let τ be an area form on a closed oriented Riemann surface L. For k1, k2 ∈ R
with k1k2 < 0, k1τ ⊕k2τ is a symplectic 2–form on L×L. Let ∆ := {(x, x) |
x ∈ L} denote the diagonal of L × L. ∆ is (k1τ ⊕ k2τ)–Lagrangian iff
k1 + k2 = 0, (k1τ ⊕ k2τ)–symplectic iff k1 + k2 > 0. By allpying Lemma
2.1, there exists a diffeomorphism φ : N (L, T ∗L) → N (∆, L × L) from
a tubular neighborhood N (L, T ∗L) of the zero section of T ∗L to a tubular
neighborhood N (∆, L×L) of ∆ ⊂ L×L such that φ∗(k1τ⊕(−k1)τ) = ωcan.
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We can get a second symplectic 2-form on T ∗L as follows: By scal-
ing the fibers of T ∗L we get a fiber-preserving diffeomorphism ψ : T ∗L →
N (L, T ∗L). Fix constants k1, k2 with k1k2 < 0 and k1 + k2 > 0, then the
pullback ω+ := (φ ◦ ψ)∗(k1τ ⊕ k2τ) is a symplectic 2-form.
Fix a Riemannian metric g on T ∗L for example, let g be one that is
induced by a Riemannian metric on L. Then we get an S2 = SO(4)/U(2)–
bundle E over T ∗L, whose sections are in one-one correspondence with g–
skew-adjoint (g–skad) almost complex structures on T ∗L. Recall from [4]
(p.60–62) that for each symplectic 2–form ω on a Riemannian manifold
(M,h) there associates a unique ω–compatible almost complex structure
that is also h-skad. Now that we have two linearly independent symplectic
2–forms ωcan and ω
+ on (T ∗L, g), each of ωcan and w
+ associates a unique
g–skad almost complex structure denoted by Jg, Jg+ respectively. Jg and
Jg+, viewed as two sections of E , never intersect, hence the triple sections
(Jg, Jg+, Jg+ ◦ Jg) defines a trivialization
E ∼= S2 × T ∗L.
Let L′ ⊂ T ∗L be an embedded ωcan–Lagrangian surface. Assume that
there exists φ ∈ Diff+o (T
∗L) such that φ(L) = L′ and φ is ωcan–symplectic
near L, i.e., φ∗ωcan = ωcan in a tubular neighborhood of L. Take a smooth
path φt ∈ Diff
+
o (T
∗L) with φ0 = id and φ1 = φ. Define ωt := (φ
−1)∗ωcan
and Lt := φt(L). We have that Lt is ωt–Lagrangian, L0 = L, L1 = L
′, and
ω0 = ωcan. Note in particular w1 = ωcan near L
′.
Let Jt denote the ωt-compatible g–skad almost complex structure. Think
of the family Lt, 0 ≤ t ≤ 1, as the image of a map η : L × [0, 1] → T
∗L.
η∗E is trivial S2–bundle over L × [0, 1] with the trivialization induced by
(Jg, Jg+, Jg+ ◦ Jg). Now the union J(η) := ∪tη
∗(Jt|L) is a an element of
Γ(η∗E , Jg) = {J ∈ Γ(η
∗E) | J = η∗Jg on L× {0, 1}},
the set of all C∞ sections of η∗E which are equal to η∗Jg over L0 ∪ L1.
Clearly, a necessary condition for the path Lt homotopic to a ωcan–
Lagrangian isotopy relative to (L0, L1) is that J(η) is homotopic to the
”constant” section η∗Jg in Γ(η
∗E , Jg), i.e., if [J ] is in the connected compo-
nent of π0(Γ(η
∗E , Jg)) containing η
∗Jg.
We can think of Jg as the north pole ∗ of the 2–sphere of almost complex
structures of the given Riemannian metric g. The set (S2)L of continuous
maps from L to S2 has a special constant map denoted by ∗L which sends
L to the point ∗. Then
Γ(η∗E , Jg) →֒ (S
2)Lo
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where M := (S2)Lo is the connected component of (S
2)L containing the
constant map ∗L. Let ΩM denote the loop space of the pointed space
(M, ∗L).
Given {ft} ∈ ΩM, i.e., ft : L → S
2, t ∈ [0, 1], is a smooth path in M
with f0 = ∗L = f1. We can associate a map
Fˆ : L× [0, 1], Fˆ (·, t) = ft
Since f0 = ∗L = f1, Fˆ = F ◦ u where
u := L× [0, 1]→ X = L× [0, 1]/L × {0, 1}
X is the double cone of L with the two vertices identified, and u is the
crushing map that sends L × {0, 1} to the vertex of X, and u|L×(0,1) is a
homeomorphism. Then each {ft} ∈ ΩM induces a map
F : X → S2
It is easy to see that if {ft}, {f
′
t} ∈ ΩM are homotopic, then the corre-
sponding maps F,F ′ : X → S2 are homotopic as continuous maps from X
to S2.
Think of J = {Jt} as a loop {ft} in M and hence a map from X → S
2,
we arrive at the following
Definition 3.1. n(J) is defined to be the corresponding homotopy class in
[X,S2] that is represented by F .
Let U := L × (0, 1) and V := X \ L × {12}. Then X = U ∪ V . By
considering the Mayer-Vietoris sequence of X = U ∪ V we get a long exact
sequence of homology groups (with Z-coefficients)
· · · → Hi(U ∩ V )→ Hi(U)⊕Hi(V )→ Hi(X)→ Hi−1(U ∩ V )→ · · ·
and get
H1(X) ∼= Z, H2(X) ∼= Z
2g, H3(X) ∼= Z
hence the cohomology groups
H1(X) ∼= Z, H2(X) ∼= Z2g, H3(X) ∼= Z
The following lemma is due to Kuperberg [3]:
Lemma 3.1. The homotopy class of a map F from X to S2 is described by
c := F ∗σ, where σ ∈ H2(S2,Z) is the positive generator, and a Hopf degree
d ∈ Zn where n is the maximal divisor of c.
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Corollary 3.1. If L = S2, then [X,S2] ∼= Z.
Example 3.1. Think of S3 as the reduced suspension of S2, then the Hopf
map H : S3 → S2 gives a loop ft in (S
2)S
2
o with f0 = ∗S2 = f1 and ft(p) = ∗
for some p ∈ S2, ∀t ∈ [0, 1]. The loop ft represents a nontrivial element of
π1((S
2)S
2
). More generally, for any degree d map Φd : S
3 → S3, the map
H ◦Φd induces an element of π1((S
2)S
2
), and two such elements are distinct
if d1 6= d2.
Remark 3.1. When the genus of Lagrangian surfaces are positive, n(L1, L0; [Lt])
indicates the potential existence of symplectomorphisms which are smoothly
but not symplectically isotopic to the identity map, and which are not gen-
eralized Dehn twists. Are there such symplectomorphisms? It will be very
interesting if one can construct such an example or disprove the existence.
Note that a priori n(J) 6= 0 does not guarantee that L1 is not ωcan–
Lagrangian isotopic to L0, since in general n(J) depends on the choice of
the path Lt.
3.2 Definition of n(L1, L0; [Lt])
Let Lt = φt(L0), φt ∈ Diff
+
o (M), t ∈ [0, 1], be a smooth isotopy of embedded
surfaces in a symplectic 4–manifold (M,ω) with L0, L1 being ω–Lagrangian
and φ0 = id, φ
∗
1ω = ω near L0 (so L0, L1 are symplectomorphic). Fix an
w–compatible almost complex structure Jω and let gω = ω ◦ (Id× J) be the
induced Riemannian metric on M . Let E denote the associated S2–bundle
overM . Fix a symplectic 2–form ω+ which is defined near L0 such that L0 is
ω+-symplectic. Define ωt := (φ
−1
t )
∗ω, ω+t := (φ
−1
t )
∗ω+. Lt is ωt–Lagrangian
and ω+t –symplectic. Let Jt (resp. J
+
t ) denotes the ωt–compatible (resp. w
+
t –
compatible) gω-skad almost complex structure on TLtM . Then the triple
(Jt, J
+
t , J
+
t ◦ Jt) trivializes the S
2-bundle E|Lt
∼= S2 ×Lt. Note that Jt|Lt =
Jω for t = 0, 1. With respect to the (Jt, J
+
t , J
+
t ◦Jt) trivialization, the section
Jω|Lt becomes a map L× [0, 1] → S
2 with n(Jw, [φt]) is 0 iff Jω is homotopic
to Jt as a section of E|Lt with boundary fixed.
Definition 3.2. n(L1, L0; [Lt]) = n(L1, L0; [φt]) := n(Jw, [φt]).
The following lemma is a easy consequence of the definition of n(L1, L0; [φt]).
Lemma 3.2. If the path Lt := φt(L0) (φ0 = id) is homotopic to a La-
grangian isotopy with boundary L0 ∪ L1 preserved, then n(L1, L0; [φt]) = 0.
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Question 3.1. Is it true that n(L1, L0; [Lt]) = 0 implies that the path
Lt := φt(L0) (φ0 = id) is homotopic to a Lagrangian isotopy with boundary
L0 ∪ L1 preserved?
Any answer to the above question will help us better understand the
isotopy problem of Lagrangian surfaces. Also, with Theorem 1.1 proved, it
will be very important to construct or find examples Lagrangian surfaces
(of positive genus) which are diffeomorphic but not symplectomorphic. Any
such example will shed some new light on our understanding of symplectic
topology. Moreover, by applying the philosophy behind the construction of
λ(L,L0;φ) and n(L1, L0; [Lt]) to the contact case, we can also define similar
invariants for Legendrian knots in contact 3–manifolds, and use them to
explore Legendrian isotopy problems [8]. We will come back to these topics
later.
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